Introduction
Due to its extremely negative potential with respect to standard hydrogen electrode (-3.04V) and very high theoretical specific capacity (3870mAh/g), lithium metal is considered the ultimate anode material for lithium-based batteries. The potential of lithium to produce high-energy density batteries was recognized very early in the 1970s [1] [2] [3] . However, formation and growth of dendrites during the charge process, and subsequent internal short-circuit is the biggest obstacle faced by lithium metal as the anode material [4, 5] . Low coulombic efficiency due to the formation of "dead" lithium and excessive side reactions has also been a major drawback of lithium metal anodes [6] [7] [8] . Presently, it is well accepted in the scientific community that mossy lithium deposit is observed under low current density and dendritic protrusion occurs during high current density operations [9] .
In the past few decades, significant amount of research has been devoted to experimentally visualize the growth of dendrites and understand the mechanism behind their formation [5, 10] . Along with in-situ scanning/transmission electron microscopy (SEM/TEM) imaging techniques [11] [12] [13] [14] , electrochemical impedance spectroscopy (EIS) [15, 16] and nuclear magnetic resonance (NMR) [15, 17] images have also been used to predict the location and morphology of the dendritic protrusion. Optimization of the electrolyte solvent, salt and several additives were conducted to form a stable SEI layer, which was initially expected to mitigate dendrite growth [18] [19] [20] . Low coulombic efficiency and weak mechanical strength are the major drawbacks why the SEI layers are unable to completely eliminate the dendrite formation [21] . Stiff mechanical barriers in the form of nitrogen and sulfur co-doped graphene oxide [22] and porous ceramic layers [23] have been successfully used to mitigate the formation of dendritic protrusions.
However, relatively soft ionic liquids [15] and polymer electrolytes [24] have also displayed significant potential to reduce the growth of dendrites. There also exist experimental evidence of reduced dendrite growth under externally applied pressure [25, 26] .
To understand the mechanism behind the growth of dendritic protrusions, the first theoretical model was developed by Barton and Bockris, where they presented a diffusion controlled mechanism for the propagation of dendrites [27] . Later on Diggle et al. incorporated the effect of surface energy to prevent the infinite thinning of the dendrites [28] . Chazalviel developed a model for the initiation of dendritic protrusions based on the hypothesis of lack of electric neutrality, which is only satisfied beyond the limiting current densities [29, 30] . Butler-Volmer reaction kinetics and diffusion controlled growth of dendrite tips were modeled by Monroe and Newman [4] . The surface energy term was able to only slow down the growth of dendritic protrusions. More recently, based on thermodynamic energy considerations, a critical radius of dendrites has been proposed, beyond which growth of the protrusion occurs [31] . Any lithium nucleation smaller than this critical radius becomes unstable and gets dissolved. The value of the critical radius also depends on the applied overpotential. Following this energy based theoretical premise, a phase field model has been developed to predict the growth and morphology of dendritic protrusions [32] . Other phase field based dendrite growth models demonstrate the competition between diffusion and migration in determining the shape and morphology of these protruding structures [33, 34] . Coarse-grain Monte-Carlo based stochastic simulations revealed that pulse charging can be beneficial in preventing dendrite growth as compared to constant charging protocols [35] .
All the theoretical models discussed until now considered the effects of reaction kinetics, migration/diffusion induced transport and surface tension on the growth mechanism of dendrites. The effect of externally applied pressure and mechanical stress due to interaction with adjacent components (such as, SEI and electrolytes) are less understood. However, it has been hypothesized, based on experimental evidence, that rupture in the SEI layer as well as externally applied pressure significantly affects the formation of dendrites [21, 25] . The first efforts to understand how the mechanically applied hydrostatic and deviatoric stresses impact the growth of dendrites were initiated by Monroe and Newman [36, 37] . They modified the Butler-Volmer equation by incorporating the mechanical-stress-induced change in electrochemical potential of the electrons located within the lithium metal electrode [36] . Applying this to a small sinusoidal perturbation at the lithium/electrolyte interface (see Eq. 13 in Ref. [37] ), representing a dendrite nucleation site, they calculated the exchange current density at the peak compared to the valley of the deposit. Monroe and Newman assumed that this initial perturbation places the lithium metal into a tensile pre-stressed state [37] , with the lithium metal initially under tensile stress at the peak, and the electrolyte initially experiencing compression. During lithium deposition, compressive forces act within the electrolyte/separator assembly. A schematic diagram of this scenario is presented in Figure 1 (a-c), which we will characterize as Scenario A or the pre-stressed scenario.
Monroe and Newman found that preventing the dendritic protrusion from growing would require the elastic modulus of the electrolyte/separator to be 1.8 times larger than that of lithium metal. Surface forces showed negligible impact in dendrite propagation even under very low modulus of the electrolyte/separator (see Fig. 5 in Ref. [37] ).
In the present article we retain the same interfacial shape of the dendrite nucleation site but hypothesize that the lithium metal is initially in a stress-free relaxed state. The computational model developed by Monroe and Newman to analyze the prestressed lithium [36, 37] , is extended to predict the early dendrite growth behavior from this initially relaxed state. A schematic diagram of this scenario is presented in Figure   1 (d-f), which we will characterize as Scenario B or the relaxed scenario. During operation due to the electrochemical reaction, new lithium deposits at the metalelectrolyte interface. To accommodate this newly deposited lithium, both the lithium metal electrode and the electrolyte (either liquid or polymer) pushes backward, which gives rise to compressive stress. Similarly, the lithium deposit also experiences compressive force from the surrounding electrode and electrolyte. Hence, lithium metal, electrolyte and the new deposits, all experience compression. This scenario is different from the pre-stressed condition considered by Monroe and Newman, where the lithium metal was considered to be under tension [37] . The amount of deformation experienced by the lithium metal and the electrolyte depends on their individual elastic modulus. If the electrolyte is much softer than the lithium metal, majority of the deformation is accommodated by the electrolyte. Less mechanical stress should evolve in this case.
Otherwise, for equal elastic modulus of lithium metal and electrolyte, both the phases deform in equivalent amount. We hypothesize that in the relaxed scenario (adopted in the present research), presence of compressive stresses within lithium will lead to significantly different distribution of exchange current density.
In this article, a quantitative analysis will be conducted to contrast the predictions from the pre-stressed scenario to that of the relaxed scenario with the aim of identifying which approach more closely describes the experimental literature. In order to keep the analysis focused on the initial state of the lithium, the study here will focus on extremely small current densities, wherein the impact of transport and kinetics on dendrite growth can be ignored. The stability criterion proposed by Monroe and Newman [37] will be reanalyzed based on the two scenario. The effect of surface tension on the exchange current density will be recalculated for the pre-stressed and relaxed initial state of lithium metal. In general, the impact of mechanical stress on the lithium nucleation and growth process will be elucidated here.
Methodology
During lithium deposition on an electrode (cathodic reaction), experimental evidence suggests that mossy deposits occur at lower current densities, and dendrites grow only during high current density operation [25] . It has been proposed that usage of a separator and/or electrolyte with elastic modulus double in magnitude than that of lithium can definitely prevent dendrite growth [37] . In their theoretical analysis, Monroe and Newman assumed lithium metal to be in a pre-stressed state (see Figure 1 (a-c)) [37] . In the present study, we revisit the initial state of lithium metal and hypothesize it to be in a relaxed condition (as compared to pre-stressed configuration reported earlier), see Figure   1 (d-f) for a schematic representation of the present scenario. The technique presented in Monroe and Newman [36, 37] has been extended here for analyzing the relaxed state of lithium. In order to keep the analysis similar to them, lithium deposition at extremely low rates of current density will be analyzed, wherein the potential and lithium concentration distribution have little effect on dendrite growth process. The impact from mechanical stress and local surface curvature on the effective exchange current density (defined later) will be reported here. Impact of the two different scenarios, pre-stressed lithium (Scenario: A) and relaxed lithium (Scenario: B), on the dendrite growth process will be analyzed using theoretical/computational techniques.
In the cathodic reaction of lithium deposition, lithium-ions from the electrolyte combine with electrons and deposit as lithium metal, which can be written as:
Non-uniform deposition of the lithium metal leads to unevenness at the electrode and electrolyte interface. Under high current density, these variations lead to growth of dendrites. However, propagation of dendritic protrusions can be prevented by application of mechanical stress. To estimate the hydrostatic and deviatoric stress distributions around the deposit, the quasistatic equilibrium equation should be solved: (2) Here, indicates the gradient operator and is the second order stress tensor. 
Here,
 ij
indicates the Kronecker delta function. Under the assumption of small strain , the strain-displacement kinematic relation is given as: 
The above-mentioned set of Eqs (2-5) has been solved using the finite element method (FEM). Since the initial yield strength of lithium metal is around 0.8MPa [38] , plastic deformation in lithium anode is inevitable. However, in the present analysis only the elastic stress-strain constitutive relations have been used to directly compare our results with that obtained by Monroe and Newman [37] . Details of the solution procedure are provided in the Appendix section.
Difference between the initially pre-stressed (scenario A) and relaxed (scenario B) lithium are modeled by applying different boundary conditions at the lithium-electrolyte interface. Figure 2 (a-b) demonstrates the computational mesh adopted to estimate the evolution of stress experienced by the pre-stressed scenario. Zero displacement is applied at the two boundaries extremely far away from the lithium-electrolyte interface (see 
At the lithium-electrolyte interface, a sinusoidal displacement is applied along the zdirection with amplitude H  4nm and frequency
Hz (see Figure 2 (b)) [37] .
The dendritic protrusion within the lithium metal is generated by pulling the interface upward according to a displacement prescribes boundary condition. This induces tensile stress in lithium and compression at the electrolyte. Pre-existing tension within the lithium metal at the lithium-electrolyte interface can be attributed to surface stresses induced by manufacturing processes. Periodic boundary condition has been applied at the left and right boundaries of the computational domain.
The second scenario considers that the lithium metal is initially in a relaxed state (shown in Figure 1 Under small strain small displacement assumption, the incremental stress has been simply added to the stress obtained at the end of the previous equilibrium step, .
Similar to pre-stressed scenario A, a periodic boundary condition has been applied on the left and right boundaries in relaxed scenario B as well.
Current density i BV
  due to the electrochemical reaction at the lithium-electrolyte interface is given by the Butler-Volmer equation [37] :
Here, 
Where, z x   represents the vertical coordinates of the lithium-electrolyte interface. Since a fixed interfacial displacement is applied in scenario A (pre-stressed) as a boundary condition, the curvature does not depend on the elastic modulus of either the lithium electrode or the electrolyte. On the contrary, in scenario B, since the electrolyte is pushed on top of the lithium metal, local curvature of the dendritic protrusion can change significantly. Higher elastic modulus of the electrolyte leads to more flat protrusions.
During operation under relatively low current densities, to estimate whether dendritic protrusions will propagate or not, an effective exchange current density i 0,eff   has been defined:
If the effective exchange current density at the peak of the protrusion is greater than that at the valley i 0,eff ,peak  i 0,eff ,valley  
, dendrites can grow. Otherwise, under the condition that the valley experiences higher effective exchange current density than the peak
, relatively flat lithium deposits would form. Here, propensity of dendrite growth will be analyzed based on the ratio of current density at the peak and the valley. Table I . It should be noted that only stress evolution has been estimated here, and no transport equations were solved. During operation under low current densities, probability of dendrite formation as predicted by the two different scenarios (i.e. pre-stressed and relaxed) would be analyzed here in terms of the effective exchange current density (defined in Eq. (11)). Since extremely low current densities are being considered, the concentration of lithium ions within the electrolyte can be assumed to be same at every point along the lithium-electrolyte interface. Variation in effective exchange current density along the interface comes from two different components (see Eq. (9)):
Results and discussion
1. Changes in hydrostatic and deviatoric stress distribution along the lithiumelectrolyte interface. 2. Differences in the local surface curvature along the interfacial direction.
Hence, evolution of the stress components and the electrochemical potential term
along the x-direction will be reported next. Different types of electrolyte have been characterized by varying the shear modulus. A fixed value of Poisson's ratio has been assumed for the electrolyte in all the simulations conducted here. Since, the main aim of this study is to elucidate the difference between the two scenarios, exactly same mechanical properties were used while simulating the pre-stressed and the relaxed case.
The deformed configuration of the lithium-electrolyte mesh for the initially pre-stressed and relaxed scenario is shown schematically in Figure 2 (b) and 2(d), respectively. For the pre-stressed lithium, surface curvature is independent of electrolyte shear modulus, which is not true for initially relaxed lithium.
For the pre-stressed lithium (scenario A), variation in effective hydrostatic stress along the interfacial direction is plotted in Figure 3 . Occurrence of tensile effective hydrostatic stress at the protrusion peak is due to the tension generated within lithium metal while applying the initial interfacial displacement. For electrolytes with shear modulus higher than that of lithium, the magnitude of the compressive hydrostatic stress within electrolyte exceeds the magnitude of tensile hydrostatic stress that develops within lithium. Hence, the effective hydrostatic stress term becomes positive at the peak.
According to the pre-stressed scenario, variation in the effective deviatoric stress along the interface has been demonstrated in Figure 3 Newman (see Figure 5 in Ref. [37] ). The results clearly indicate that electrochemical potential is positive at the dendrite peak for low modulus electrolytes. However, for electrolytes with shear modulus more than two times in magnitude than that of lithium
, produce negative electrochemical potential at the peak. Since, the prestressed scenario has already been analyzed by Monroe and Newman, the results presented in Figure 3 (a-c) is exactly same as that reported by them [37] . Direct . This leads to the conclusion that, under the assumption of pre-stressed lithium and soft electrolyte, even at very low current densities, the effective exchange current density at the protrusion peak is much larger than that observed at the valley. For the case of liquid electrolytes characterized by extremely low elastic modulus [40] , the effective exchange current density at the valley should be approximately twice than that at the peak of a lithium nucleus (see Figure 5 (b)). As a result, according to the scenario of relaxed lithium, for operation under low current density with liquid electrolyte, no dendrite growth should occur (which is similar to that observed experimentally) [25] . For polymer electrolytes (such as PEO) where the shear modulus is approximately one order of magnitude smaller than that of Li [41] , effective exchange current density is still two-three orders of magnitude higher at the valley than that observed at the peak (see Figure 5 (b)). These simulations suggest that during operation at low current densities using polymer electrolyte protection layers, dendrite formation is unlikely, consistent with the experimental observations [42] . However, under high current density operation, dendrite growth has been observed experimentally in PEO based electrolytes [43] . While our present simulation does not address the high current density case because we ignore concentration and ohmic polarization effects, the experimental observations suggest that dendrite formation at high current densities is dominated by the current distribution in the electrolyte.
A major drawback of the present theory and that of Monroe and Newman is that only elastic deformation of lithium and electrolyte has been taken into account, and plasticity has been neglected altogether. Present research indicates that for initially relaxed lithium and interface. The yield strength of Li is around 0.8MPa -1.0MPa [38] . Yield strength for PEO based polymers are approximately 10MPa [44] . Hence, plastic deformation of the lithium electrode and electrolyte is inevitable when stiff electrolytes are used. This is true for both the cases of initially pre-stressed and relaxed lithium. Plasticity of both lithium metal and electrolyte would not allow the stress to increase to an extremely large magnitude, which is observed in the present context due to elastic deformations. Large tensile and/or compressive stresses lead to orders of magnitude variation in the effective exchange current density (see Figures 5 and 6 ). Plastic deformation would allow the magnitude of stress, and subsequently the effective exchange current density, to remain within realistic limits. This aspect will be the subject of future research.
During electrochemical deposition of lithium, given the fact that a lithium nucleus evolves, dendrite growth is possible only when the current density at the protrusion peak is greater than the current density at the valley. Figure 6 demonstrates the ratio of exchange current density at the peak over that at the valley growth cannot be prevented using mechanical means. The effective exchange current density being analyzed here is applicable to operation under low rates of current densities, where the effect of electrolyte concentration can be neglected. The red curve indicates that even during low rates of operation, the pre-stressed lithium would lead to severe dendrite growth if the shear modulus of the electrolyte were smaller than that of lithium metal. However, this is usually not observed in experiments for both liquid and polymer electrolytes [9, 42, 45] . Irrespective of the type of electrolyte, dendritic protrusions evolve only during operation at high current densities.
The black curve, which corresponds to the initially relaxed lithium, predominantly indicates that dendrite growth can be suppressed by any electrolyte as long as the cell is being operated at low rates (see Figure 6 ). It has been observed experimentally that LiPF 6 in EC/DMC based liquid electrolytes G Elec  10
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form dendrite free (mossy) deposits of lithium under low current density operation, and several dendritic protrusions evolve at higher rates of current densities [25] . Similarly, LiPF 6 and
also show mossy lithium deposits at small current densities [9, 42] , and dendritic protrusions are observed at large rates close to the limiting current density [9, 43] . These experimental observations are in good agreement with the theoretical predictions made by the black curve in Figure 6 . Hence, the difference in exchange current density at the peak and valley for low modulus electrolyte is due to the stabilizing effect of the negative surface curvature observed at the protrusion peak. Under the condition of pre-stressed lithium, impact of surface curvature is always negligible [37] .
In the present context, it should also be mentioned that only small-strain/smalldisplacement analysis has been conducted here. The main focus here has been to analyze the distribution of effective exchange current density after the formation of a lithium nucleus during electro-deposition at very low rates of current densities. Since the size of the lithium protrusion is not large, the linear elasticity theory can still be applicable.
However, while modeling the growth of dendritic protrusions, large deformation theories must be taken into account.
Conclusion
25
A finite-element-method-based computational technique has been developed that can estimate the evolution of hydrostatic and deviatoric stress around a dendritic protrusion. Under low rates of operating current densities, the effective exchange current density at the protrusion peak with respect to the valley dictates the propensity of dendrite formation. Two different scenarios have been considered here: i) Initially pre-stressed lithium, and ii) Initially relaxed lithium. It has been observed that significant tensile stress acts on the lithium electrode under pre-stressed condition, whereas for the initially relaxed lithium, compressive stresses act on the electrode, electrolyte and the electrochemically deposited lithium. This variation in stress evolution leads to significant difference in effective exchange current density for the two scenarios of pre-stressed and relaxed lithium (see Figure 6 ).
If the shear modulus of the electrolyte is less than that of the lithium metal, severe dendrite growth should occur on initially pre-stressed lithium. According to the prestressed scenario, suppression of dendrite growth is only possible if the elastic modulus of the electrolyte is two times larger than that of lithium. The initially relaxed lithium leads to suppression of dendrites under low rates of operating current densities. This behavior is independent of the electrolyte shear modulus. Predictions made by the relaxed scenario are consistent with previous experimental reports. For electrolytes with shear modulus similar in magnitude as that of lithium metal, the relaxed scenario leads to multiple orders of magnitude higher effective exchange current densities at the valley as compared to the protrusion peak. In the present analysis, only elastic deformation of lithium has been taken into consideration. Plastic deformation of both lithium electrode and polymer electrolyte is possible. That can lead to significantly different effective exchange current density for both the pre-stressed and relaxed scenario. Elucidation of proper stress evolution during lithium nucleation can help to devise new and effective techniques to prevent dendrite growth.
Although there is no experimental data presently available for quantitative validation of this model, the finding that initially relaxed lithium sees no dendrite
formation at small applied current densities is consistent with typical experimental observations. For quantitative validation, a non-invasive in situ technique such as X-ray nanotomography using a specially-designed cell might allow the direct observation of the very early growth of a lithium protrusion, the scenario considered in this work.
The present work has focused on the effect of variation in mechanical stress between the peak and valley of the dendritic protrusion, under operation at lower current densities and at relatively high temperatures. These conditions lead to uniform distributions of concentration and potential between the peak and valley of the dendritic protrusion, making the corresponding impact on reaction current density negligible.
While the effects of current density and temperature on the overall dendrite growth process have not been considered in the present context, one can predict these qualitatively. In general, operation at higher current density would lead to concentration and potential gradients between the peak and valley of the dendritic protrusion, which in turn would lead to higher reaction current and enhanced deposition of lithium at the protrusion peak, thereby promoting dendrite growth. Electrolyte conductivity and diffusivity typically decrease significantly with decreasing temperature. Hence, the propensity of dendrites to grow increases significantly during operation at lower ambient temperatures. To incorporate the effects of current density and local temperature on the overall dendrite formation procedure would require significant additional computational effort. These will be addressed as a part of a future study.
The major conclusions from the present study have been provided below:
1. The concept of initially pre-stressed lithium gives rise to growth of dendritic protrusions for low modulus electrolytes. Initially relaxed lithium leads to more realistic predictions of dendrite growth. 2. Growth of dendrites is dominated by the current distribution in the electrolyte. 
As this must hold for all the test functions, it is possible to conclude:
is the stiffness matrix and f   stands for the externally applied force, which is also used as the right hand side vector for this particular simulation. This gives a brief overview of how the mechanical equilibrium equation has been solved using the finite element method. For more details, see, for instance, [46, 47] . For very soft electrolyte (such as liquids), the effective exchange current density changes by only a factor of two. However, as the elastic modulus of the electrolyte phase increases, the effective exchange current density at the peak becomes several orders of magnitude smaller than that observed within the valley region. Figure: 6. Ratio of the effective exchange current density observed at the peak and the valley is plotted with respect to the ratio between electrolytes over lithium shear modulus. If the current density in the peak is greater than the current density in the valley, the dendrite will grow. Otherwise, growth of the dendritic protrusion will not occur. Hence, it is preferable to have the ratio of current density at the peak over current density at the valley to be less than 1.0. The scenario with initially relaxed lithium indicates that for electrolyte with any modulus shows the tendency to prevent dendrite growth. On the contrary, pre-stressed lithium indicates that dendrite growth should automatically occur for the case of low modulus electrolytes, irrespective of the applied current density (which is not usually observed in the real world). For very soft electrolyte (such as liquids), the effective exchange current density changes by only a factor of two (may be difficult to conclude just from the figure). However, as the elastic modulus of the electrolyte phase increases, the effective exchange current density at the peak becomes several orders of magnitude smaller than that observed within the valley region. Figure: 6. Ratio of the effective exchange current density observed at the peak and the valley is plotted with respect to the ratio between electrolytes over lithium shear modulus. If the current density in the peak is greater than the current density in the valley, the dendrite will grow. Otherwise, growth of the dendritic protrusion will not occur. Hence, it is preferable to have the ratio of current density at the peak over current density at the valley to be less than 1.0. The scenario with initially relaxed lithium indicates that for electrolyte with any modulus shows the tendency to prevent dendrite growth. On the contrary, pre-stressed lithium indicates that dendrite growth should automatically occur for the case of low modulus electrolytes, irrespective of the applied current density (which is not usually observed in the real world).
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